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Chapter 2
Truss Elements in Two-Dimensional Spaces

Perform 2D Coordinates
Transformation.
Expand the Direct Stiffness Method to
2D Trusses.
Derive the general 2D element Stiffness
Matrix.
Assemble the Global Stiffness Matrix for 
2D Trusses.
Solve 2D trusses using the Direct
Stiffness Method.



Introduction

Truss Elements in Two-Dimensional Spaces
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coordinate transformation equations

Coordinate Transformation 

A

A = X i + Y j 
i j X- Y

X  Y

X = A cos ( ) 
Y = A sin ( ) 

X, Y and A 

A = X i + Y j = A cos ( ) i + A sin ( ) j  ---------- (1) 
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u A

A A = A u ------------- (2)

A

A = A u = A cos ( ) i + A sin ( ) j

u i
j

u =  cos ( ) i +  sin ( ) j

B

B
B = - X i + Y j 
i j X- Y

X  Y

X =  B sin ( ) 
Y = B cos ( ) 
X, Y and B 

B = - X i + Y j = - B sin ( ) i + B cos ( ) j  ---------- (3) 
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v B

B B = B v ------------- (4)

B

B = B v = - B sin ( ) i + B cos ( ) j

v i 
j

v =  - sin ( ) i +  cos ( ) j

ij uv

u =   cos ( ) i +  sin ( ) j
v =  - sin ( ) i +  cos ( ) j

u cos ( ) sin ( ) i
v - sin ( ) cos ( ) j
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u cos ( ) sin ( ) i
v - sin ( ) cos ( ) j

direction cosines

MATRIX operations

{a} = [ l ] {b}

            where {a} and {b} are direction vectors, [l] is the direction cosines. 

{b} = [ ? ] {a}

[ l ] –1 direction cosines

{a} = [ l ] {b}

[ l ] –1{a} = [ l ] –1 [ l ] {b}

 [ l ] –1 [ l ]= [ I ] and [ I ]{b} = {b}. 

[ l ] –1{a} =  {b}

linear statics analyses direction cosine orthogonal matrix inverse 
of the matrix

[ l ] –1 =  [ l ] T

[ l ] T {a} =  {b}



LOCAL 
coordinate system GLOBAL coordinate system

i cos ( ) sin ( ) u
j sin ( ) cos ( ) v

GLOBAL coordinate system LOCAL 
coordinate system

u cos ( ) sin ( ) i
v - sin ( ) cos ( ) j

coordinate transformation equations

Example 2.1 

i j



u cos ( ) sin ( ) i
v - sin ( ) cos ( ) j

cos ( ) sin ( )
- sin ( ) cos ( )

LOCAL

Global Stiffness Matrix 

X1 

X2 
Y2 

Y1 



F1X X1
F1Y Y1

F2X X2
F2Y Y2

X1 cos ( ) sin ( ) 1
Y1 sin ( ) cos ( ) 1

X2 cos ( ) sin ( ) 2
Y2 sin ( ) cos ( ) 2

F1x cos ( ) sin ( ) 1x

F1y sin ( ) cos ( ) 1y
F2x cos ( ) sin ( ) 2x

F2y sin ( ) cos ( ) 2y

{ F } = [ K ] { X }    ------- Local force-displacement equation 

{ X } = [ l ]     ------- Displacement transformation equation 

{ F } = [ l ]     ------- Force transformation equation 



matrix operations

 { F } = [ K ] { X }

{ F }  { X },

[ l ] = [ K ] [ l ] 

[ l ]-1,

[ l ]-1[ l ] = [ l ]-1[ K ] [ l ] 

= [ l ]-1[ K ] [ l ] 

= [ l ]T[ K ] [ l ] 

= [ l ]T[ K ] [ l ] 

=  

 =  [ l ]T[ K ] [ l ]

cos2( ) cos( )sin( )  cos2( ) cos( )sin( )
           cos( )sin ( )    sin2( ) cos( )sin( sin2( )

cos2( ) cos( )sin( ) cos2( ) cos( )sin( )
cos( )sin ( ) sin2( ) sin( )cos( ) sin2( )



Example 2.2 



 x

F1X X1
F1Y Y1

F2X X2
F2Y Y2

Element A 



element A 

=  

cos2( ) cos( )sin( )  cos2( ) cos( )sin( )
           cos( )sin ( )    sin2( ) cos( )sin( sin2( )

cos2( ) cos( )sin( ) cos2( ) cos( )sin( )
cos( )sin( ) sin2( ) sin( )cos( ) sin2( )

 x

Element B 



F2X X2
F2Y Y2

F3X X3

F3Y Y3

element B

=  

cos2( ) cos( )sin( )  cos2( ) cos( )sin( )
           cos( )sin ( )    sin2( ) cos( )sin( sin2( )

cos2( ) cos( )sin( ) cos2( ) cos( )sin( )
cos( )sin( ) sin2( ) sin( )cos( ) sin2( )





{ X } = [ l ]     ------- Displacement transformation equation 

X1
Y1

X2     2
Y2 2

X2 = 2.83 e-4 
Y2 = -1.63 e-4 

F1X X1
F1Y Y1

F2X X2
F2Y Y2

F1X = -41.67 lbs., F1Y = 0 lb. 
F2X =  41.67 lbs., F2Y = 0 lb. 

Element A

Element B

Element A 



Review Questions 



Exercises 
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